STRONG DISORDER IMPLIES STRONG 
LOCALIZATION FOR DIRECTED POLYMERS IN A 
RANDOM ENVIRONMENT 



PHILIPPE CARMONA AND YUEYUN HU 

Abstract. In this note we show that in any dimension d, the 
strong disorder property implies the strong localization property. 
This is established for a continuous time model of directed poly- 
mers in a random environment : the parabolic Anderson Model. 



1. Introduction 

Let us = (uj(t)) t >o be the simple continuous time random walk on the d- 
dimensional lattice Z d , with jump rate k > 0, defined on a probability 
space (ft, J 7 , P). We consider an environment B = (B x (t),t > 0,x G 
Z d ) made of independent standard Brownian motions B x defined on 
another probability space (H, Q, P). 

For any t > the (random) polymer measure fi t is the probability 
defined on the path space J 7 ) by 

where (3 > is the inverse temperature, the Hamiltonian is 

H t (u) = [ dB„ {s) (s) 
Jo 

and the partition function is 

Z t = Z t {(3) = E 



e (3H t (u)-tp 2 /2 



where E [] denotes expectation with respect to P. 

Erwin Bolthausen |2j was the first to establish that (Z t ) t > was a pos- 
itive martingale, converging almost surely to a finite random variable 
Zoo, satisfying a zero-one law : P^Z^ > 0) G {0, 1}. We shall say that 
there is strong disorder if = almost surely, and weak disorder if 
Zoo > almost surely. 

Another martingale argument, based on a super martingale decomposi- 
tion of logZ t , enabled Carmona-Hu [I], then Comets-Shiga-Yoshida [HI 
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Cj, and Rovira-Tindel 10 . to show the equivalence between strong 
disorder and weak-localization : 

POO 

= a.s. -<=>- / fif 2 (uji(t) = cj 2 (t)) dt = +oo a.s. , 
Jo 

where ui,U2 are two independent copies of the random walk u, consid- 
ered under the product polymer measure /zf 2 : 

nf{du x ,du 2 ) = i_ e ^(-i)+^(- 2 ))-*/3 2 ftn^duz). 

Let us define strong localization as the existence of a constant c > 
such that 

lim sup sup n t (u(t) = x) > c a.s. 

This property implies the existence of highly favored sites, in con- 
trast to the simple random walk {(3 = 0) for which sup^, P (X t = x) ~ 
(jf-d/2 _^ o Carmona-Hu i4], and then Comets-Shiga-Yoshida [7], 
showed that in dimension d = 1,2, for any /3 > 0, there was not only 
strong disorder but also strong localization. 

We shall prove in this note the 

Theorem 1. In any dimension d, strong disorder implies strong local- 
ization. 

For sake of completeness, let us state yet another localization property. 
The free energy is the limit 

p{(5) = lim j log Z t , 

where the limit can be shown to hold almost surely and in every L p , 
p > 1 (see e.g. [7J). The function p{(3) is continuous, non increas- 
ing on [0, +oo[, p(/3) < 0, p(0) = 0, so there exists a critical inverse 
temperature f3 c G [0, +oo] such that: 

'p(J3) = ifO</5</3 c ; 
p(P)<0 if/3>/3 c . 

When p(/3) < we say that the system has the very strong disorder 
property. We shall prove that (see equation (JTJ)): 

p((3) = lim - AifW') = <•*(*)) da a.s. 

Therefore there is very strong disorder if and only if there exists a 
constant c > such that almost surely: 

ft 
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lim - / /if 2 (c<Ji(s) = cu 2 (s)) ds = c 

t^+oo t J 
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The recent beautiful result of Comets- Vargas 0, that is f3 c = in 
dimension d = 1, strengthen our belief in the 

Conjecture : very strong disorder •<=>- strong disorder 

Proving this conjecture would unify all these notions of disorder and 
localization. 

Eventually, let us end this rather lengthy introduction by making clearer 
the connection with the parabolic Anderson model (see Carmona and 
Molchanov jH] or Cranston, Mountford and Shiga 9J). The point to 
point partition functions 

satisfy the stochastic partial differential equation (see Section 2) 

dZ t {0,x) = LZ t {0,.){x) dt + /3Z t {0,x) dB x (t) , 

where L = kA is the generator of the simple random walk u with jump 
rate k, that is A is the discrete Laplacian. 

Let us explain now the structure of this paper. Section 2 is devoted 
to the study of the partition function as a martingale, and we prove 
that its asymptotics are governed by the asymptotics of the overlap 

It = AifV(0 =<•*(*))■ 

An important fact is that It itself is a semimartingale. In Section 3 
we establish a decomposition of I t which is not its canonical semi- 
martingale decomposition (this decomposition can be obtained via the 
parabolic Anderson equation^)). In fact this decomposition looks a 
lot like a renewal equation involving the overlap for the simple random 
walk : it is the basic ingredient of our proof of the main result, since it 
is in this decomposition that we inject our knowledge of the behaviour 
of the overlap for simple random walk. 



2. The partition function 

Without loss in generality we can work on the canonical path space 
Q made of u : M + — > Z d , cadlag, with a finite number of jumps in 
each finite interval [0, t]. We endow Q with the canonical sigma- field 
T and the family of laws {V x ,x G Z d ) such that under F x , (uj(t))t>o 
is the simple random walk starting from x, with generator L = kA. 
With these notations, we consider, attached to each path u G tt, the 
exponential martingale 

Mr = exp((3H t (uj) - t(3 2 /2) = 1 + (3 [ dB u(s) (s) , 

with respect to the filtration Q t = a(B x (s),s < t, x G We have 
Z t = E [M?\ and thus the 
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Proposition 2. The process (Z t )t>o is a continuous positive Q t mar- 
tingale with quadratic variation 

d(Z, Z) t = Z 2 t f3 2 I t dt , with h = >uf 2 (^ 1 (t) = oo 2 (t)) . 

Proof. We know that linear combinations of martingales are martin- 
gales. This extends easily to probability mixtures of martingales. In- 
deed, let < s < t and let U be positive bounded and (^-measurable. 
Then, by Fubini-Tonelli's theorem : 

E[Z t U] = EpE [M?]U] = E [E[M?U]] 

= E [E[M^U]} (M w is a martingale) 

= E[E [M^]U] = E[Z S U] . 

Observe that if 001,002 are paths, then we can compute the quadratic 
covariation 

d(M"\M"*) t = MpMpf 1(^(0=^(4)) dt. 
Therefore, we have formally: 

d(Z, Z) t = d( J P(dw 1 )Af Wl , J F(du 2 )M" 

¥ 92 {doo x ,du 2 )d(M" J \M UJ2 ) t 

= d 2 Zl^- 2 J F^du,, du 2 )Mr Mr l^^imdt 
= Z 2 (3 2 I t dt. 

This again can be made rigorous by writing N t = Z 2 — (3 2 JqZ 2 I s ds as 
a probability mixture of martingales: 

N t = J^ 2 {du u dw 2 ){M^Mr-p 2 J M^M" 2 l(wi(s)=w2(s)) ds) . 

□ 

The positive martingale Z t converges almost surely to a positive finite 
random variable Z^. We refer to any of [2 El for a proof of the 
following zero-one law. 

Proposition 3. 

P(Z oo = 0)G{0,l}. 

We can now show the equivalence between strong disorder and weak 
localization. 

Proposition 4. The supermartingale log Z t has the decomposition 

log Z t = M t --A t 
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with (M t ) t >Q a continuous martingale of quadratic variation 



t 

2 



(M, M) t = A t = (3 / I s als 



o 



Consequently: 

• either = and f °°Is ds = +oo almost surely; 

• or Zoo > and f °°Is ds < +oo almost surely. 

In both cases the free energy is given by 

8 2 If 1 B 2 1 /"* 

(1) p{0) = -£- lim - I s ds = -?- lim -/ E[/.]<te. 

Proof. One can even prove (see jSj) that weak disorder is equivalent to 
the uniform integrability of the martingale (Z t ) t > . 



Ito's formula yields : 

'0 A s ZJq Zj s Z Jq Z 



Therefore, 

• On {Aoo = (M, M)^ < +00} the martingale M t converges al- 
most surely, M t — > so log zT t — >■ — |Aoo and > 
almost surely, and p((3) = lim t _+ +OC) | log Z 4 = 0. 

• On {Aoo = (M, M)^ = +00}, we have almost surely > 

so ^j^ 1 — > — 5 and logZ t — > —00, so = 0. Furthermore, 
p(3) = lim t _ +00 \ log zT t = -~ lim t _> +00 \A t . 

We conclude this proof by taking expectations: 



P(0) 



lim i E [logZj = -~ lim W] = lim j pE^ds 



□ 

The connection with the parabolic Anderson model is contained in the 

Proposition 5. The point to point partition functions (Z t (0,x),t > 
0,xe Z d ) 

satisfy the stochastic partial differential equation 

dZ t (0,x) = LZ t {0,.){x) dt + pz t (0,x) dB x (t) , 

where L = kA is the generator of the simple random walk with jump 
rate k, that is A is the discrete Laplacian. 

Proof. Let Pt(x) = P (X t = x) be the probability function at time t 
of simple random walk. By Fubini's stochastic theorem and Markov 
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property: 



L(«(t)=x) 



Z t (0,x) = J F(dw)M? 

= J ¥(du)l {u{t)=x) (l + pJ^MfdB u{a) (s)) 
= Pt{x)+pj J ¥{duj)l 

(u)(i)=x) M?dB u{a) {s) 
= p t (x) +pj J F(du) Pt - s (u(s) - x)M?dB uia) (s) 



= p t (x) + f3 I Z s ^ s (p t ^ s (u(s) - x)dBu( s ){s)) ■ 
Jo 

We conclude by differentiating with respect to t, taking into account 
that ^ 

-gPt{x) = Lp t (x) 
In other words, we combine 

Pt- S (y) = l(y=o) + J Lp u _ s (y) du 

and Fubini's stochastic theorem. (This result is just Feynman-Kac 
formula combined with time reversal of the continuous time random 
walk) . □ 

3. Ito's formula for the polymer measure 

Let (P® n ) t >o be the semi-group of the Markov process u)(t) = (ivi(t), . . . , u n (t)) 
constructed from n independent copies of the simple random walk 
((v(t)) t > : if / : W l — > R is a bounded Borel function, then 

P® n f(xi, ■■■,Xn)= E Xl _ Xn [fMt), . . . , U n (t))] . 

Theorem 6. Let f : R n — > R be a bounded Borel function, and t > 
t > 0. Then, 

iiT[/M*))] = iC[^n/M*o))] 

+/? 2 E r^r[iM.)^w)^:/(«(*))] ds 
i<j jt » 

- np 2 £ f /if [ l( 7W ^ W) ^/(«( a ))] ds 

<n ^ 2 fjT[PlV^{s))]isds 



+ 



+ / n 



(in 



to 



dZ* 



n- 
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where 7 is an extra independent copy of uj . 
Proof. Given paths cui, . . . , cu n , we let 

Mr' . . . Mf n 



U t = C/t(wi, ...,u n ) = 



Z? 



We use the following easy computations of quadratic variations: 

d(M\ M T ) t = M2M10 1 l (7 (t) =r(t )) dt 
d(M\ Z) t = (3 2 M?Z m [ l (wW =7(t))] dt , d ( z > Z )t = Z t (3 2 hdt , 
The classical Ito's formula yields: 



U t = U t0 + f U s \Y,(3dB UJi{s) {s) 

J to \ i=1 
Jt ° \i<j 



dZ s 



n- 



(Ui{ S )=UJj(s)) 



^2 fj, s [i {1(s)=UJt{s)) ] + - + - i s )(/.s . 



where in the last line // s acts on the generic path 7. Since, 



we conclude this proof by applying Fubini's theorem and Markov's 
property. For example, 



J f(u(t))U t0 (u>) 



(u) = E 



/(«(*)) 



to 



Z(t ) n 
E [Pa/(«(*o))^C • 



Z(* 

iC[ p a/M*o))]- 



AC] 



□ 



4. Proof of the main result 

We assume that there is strong disorder so almost surely, Z^ = 
and Jq°% ds = +00, and we shall show that for a certain Co > 0, 
limsup^ +00 V t > c almost surely, with V t = sup x fj, t (u(t) = x). 

Let r(t) = P® 2 (wi(i) = u 2 (t)) and = f*r(s)ds. In dimension 

0? = 1,2, i?(oo) = +00 so certainly (3 2 R(oo) > 1. In dimension 
d > 3, i?(oo) < +00 and Markov's property implies that L ro = 
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J °° l(w 1 («)=w2(*)) ds is under P® 2 an exponential random variable of ex- 
pectation R(oo). Since, by Fubini's theorem, 



E 



^(Hi(wi)+irt(wa))-t^ 2 



Var(-fft(^i)+if t (o; 2 ))-t/3 2 



e /3 2 /o 1( W1 ( S )= W2 ( S )) d« 



the second moment method yields that if P 2 R(oo) < 1, then sup t E[Z 2 



E 



< +00, so Z t is an I 2 bounded martingale, hence E = 

1 and > almost surely. Birkner pQ improved this result by us- 
ing a conditional moment method : if R(oo) < +00, then there exists 



such that for (3 < (3 , > almost surely. Hence, since 



we assumed strong disorder, we certainly have j3 2 R(oc) > 1. 
Observe that since V t = sup x U t (x) with U t (x) = ji t {uj{t) = x), we have 

It = i^Mt) = u 2 (t)) = $>f M*) =x = u 2 (t)) 

X 

= J2 u t( x ) 2 < v t}Z u ^ = Vt 



t— >+oo J * 



and > V 2 . Therefore we shall show that almost surely, limsup 
c . It is sufficient to prove that if J t = It l(/ t >c ) then for a constant 
ci > 0, 

lim sup > ci almost surely, 

J I s rfs 

(indeed recall that j^I s ds = +00 almost surely). 
We now have to choose c > 0. Since f3 2 R(oc) > 1, there exists e G 
(0,^) and t > such that ( 5 2 J R(t )(l - > 1. We let c = 

e inf <t< to r(t). 

Let us apply now Ito's formula of Theorem between t — to and t, to 
the function f(x 1 ,x 2 ) = l( Xl=X2 y. 

(2) I t = pfC/Mt))) = iV, 0it + ^4 K 2 / (u,(t - t ))] 
+ /3 2 f /if 2 [P® 2 J(a,( S )) l^w^w)] <fc 

Jt-to 

- 2/3 2 / //f [P® 2 J(u;(s))( lfrw^w) + 1( 7 (.h*W)^1 rfs 

•/t-t 

+ 3/3 2 f /if^f/M*))]/^, 
./t-to 



I > 
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where 

.dZ„ 



Ni 



*0,* _ / 

t-to 



The following inequalities are standard folklore, and are crucial in our 
proof: they will be used repeatedly hereafter and we provide a proof 
in the appendix. 

(3) < P t m f( Xl ,x 2 ) < r(t) = P t m f(x,x) < 1 

In particular, we have 

-f 



(4) I t >N t0tt + (3 2 [ r(t-s)I s ds 

J t-t 

t 



- 4(3' / (P£/(«(*)) 1 W .h^ W) ) cfa. 

•/t-to 

Indeed, the second and fifth terms of (J2J) are non negative, in the second 
term we have 



P t ® 2 J(u;( S )) l (wiW =^ W ) = P^JMs),^*)) 1^)=^)) 

= r(t - s) l(a;i(«)=wa(a)) > 

and finally, the fourth term can be written, thanks to symmetry of /, 
-4/? 2 f jxf 1( 7 ( S )=. 1(S ))) ds . 

J t-to 

Claim 1 : 

/if (P^f(u(s)) 1 W .h^ W) ) < I. inf(Vi.r(*-a), r(f - s )) . 
Indeed with Z7 s (a;) = /i s (uj(s) = x) we have 

a; 

and 

/i.(P^/(x,o;( a ))) = E^)^/(*,y) < r(t-a)X)^(l/) = r (^) 
We also have, by Cauchy-Schwarz, 

= ^(2^ - s)) < v7,r(t - s) , 
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since if u(t) = uj\{t) — uj 2 (t) we have, thanks to Markov property and 
symmetry, 

r(2t) =¥(Co(2t) = 0) = = y)V v (Q(t) = 0) = = j/) 1 

= £i?V(0,y) 2 = £i? 2 /(*,y) 2 
J/ J/ 

Claim 2 : 

4[3 2 R(t ) [ J s ds+ [ I s ds> [ N t0<t dt 

J0 J t Jt 

+ P 2 {1 - 4y/T )R{t ) [ ° I.ds. 

J to 



Observe that when I s < cq and t — to < s < t, we have I s < e^rit — s) 
therefore, from Claim 1 we deduce that, 



/ {P^ s f{u{s))l {l{s)=U)l{s)) )ds< [ I s ^/l s r(t-s)l (Ia < co) ds 

Jt-t a Jt-to 

+ / r(t - s) I s 1(/ S>C0 ) ds 

Jt-to 

— v^o / r (t ~ s )Is ds 

Jt-to 



+ / r(t — s) J s ds. 

Jt-t 



Plugging this inequality into fllj) yields 



It>N t0tt + f3 2 (l-4^T ) j r(t-s)I s ds-4{3 2 f r(t-s)J s ds. 

J t — to J i— to 

Given T > t , we are going to integrate this inequality between t and 
T. On the one hand, 



dt r(t-s)J s ds= / / l(o< u <to,to-u<s<T-u)J s r(u)dsdu 

Jto Jt-to J J 



T 



< R(t ) / J s ds 



o 

On the other hand, 

pT pt rT—to pto rT—to 

I dt I r(t — s)I s ds> / I s ds r(u) du = R(t ) / I s ds . 

J to Jt — £[) J to JO Jto 

The claim follows immediately. 
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Claim 3 : let M T = N tQ>t dt. Then as T -> +00 

Mr 

— ► in probability. 

Jo J sds 

Let us defer the proof of this claim. Since < I s < 1 and f Q I s ds = 
+00, we have, 



lim 



f 

lim J *° 



T-t 



L ds 



So hds r-4« j^fc 



1 a.s. 



/3 2 (l-4 v ^7) J R(t )-l 
4/3 2 -R(*o) 



. If we divide © by 0y = J Q T J s ds and take 



Let Ci 

lim sup as T — > +00, we obtain that almost surely 



lim sup — / J s ds — c\> lim sup 

T^oo 4>T Jo 



Mr 



lim inf 

t^+oo 4(3 2 R(t )4>T 



This yields 



lim sup 



J T J s ds 



r^oo J Q I s ds 



> ci a.s. 



Proof of Claim 3. 

By Fubini's theorem, 



Mr 



to 



t-to 



dZ x 



with 

< C7(s, Xi, X2) := 



(T-s)+At 



P^lfixt, x 2 ) dt < to, Vxi, x 2 G Z d . 



(to-s) H 



Let us view A/r = -Xr as the value at time T of the continuous mar- 
tingale 



I 1 , 



i=i 



We can compute its quadratic variation : 
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(X,X) T < 4/3 2 / /if [G(s ) w 1 (s) l w J (s))G(s ) «;3(s),W4(s))(l (wi( , ) ^ w) +/,)] ds, 
Jo 

which satisfies 

(6) (X,X) T <8PH 2 [ I s ds. 

Jo 

Let e > 0, we shall prove that 

(7) hm p(M t > e I I s dsj = 0. 
To this end, define 5 = e/(8/3 2 t )- We have 



E 



e 5Af T ~^{X,X) T 



E 



g<5Jf T - — {X,X) T 



1. 



(since (X, X) T is bounded, Novikov's criterion for the exponential mar- 
tingale is obviously satisfied). It follows that 



1 > E[ 1„, _ rr T 



5Nt- § k-{X,X) t 



>E[1^ (5e-48^o)/ T Ws 
(AT T >e J Q J s <Zs) 



by 



>e^ &2K v(U T >tj^ I 8 ds, J I s ds>K^ 
for any constant X > 0. Consequently, we have 



- P {J q hds<K)+e 



Since J„ T J s ds — > oo almost surely, we get 



lim sup P ( Mr > e / I s ds ) < e 

T^oo \ Jo ' 



4/3 2 t S 2 K 



for any constant K > 0. Then by letting K — > oo we get ((Zj). Consid- 
ering the martingale —X, we prove in the same way that 



(8) hm P(- M T > e J I s ds) = 0. 

and this complete the proof of Claim 3. 
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Appendix 

We provide a proof of ©. Recall that f(x,y) = lr x =y)- We let pt(x) = 
P (uj(t) = x) be the distribution of simple random walk at time t. Then, 
by translation invar iance: 

= F m (x 1 +uj 1 (t) = x 2 + to 2 (t)) 

= P (xi + u>i(t) = z)F (x 2 + uj 2 (t) = z) (by independence) 

2 

= ^2p t (z - xi)pt{z - x 2 ) 

z 

— (^^Pt( z ~ Xl ^^ (^^Pt( z ~~ X ^f^j (by Cauchy-Schwarz) 
= X>t(*) 2 =r(t). 
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